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Abstract We have investigated the structural and

electronic characteristics of tetrahedral, octahedral, and

icosahedral fullerenes composed of group 15 elements

phosphorus, arsenic, antimony, and bismuth. Systematic

quantum chemical studies at the DFT and MP2 levels of

theory were performed to obtain periodic trends for the

structural principles, stabilities, and electronic properties of

the elemental nanostructures. Calibration calculations for

polyhedral clusters with up to 20 atoms showed the applied

theoretical approaches to be in good agreement with high-

level CCSD(T)/cc-pVTZ results. By studying fullerenes up

to P888, As540, Sb620, and Bi620, we found their structures

and stabilities to converge smoothly toward their experi-

mental bulk counterparts. The diameters of the largest

studied cages were 4.8, 3.7, 4.8, and 5.1 nm for the P, As,

Sb, and Bi fullerenes, respectively. Comparisons with the

experimentally known allotropes of the studied elements

suggest the predicted polyhedral cages to be thermody-

namically stable. All studied group 15 polyhedral fuller-

enes were found to be semiconducting, and density of

states analysis illustrated clear periodic trends in their

electronic structure. Relativistic effects become increas-

ingly important when moving from P to Bi and taking the

spin–orbit effects into account by using a two-component

procedure had a significant positive effect on the relative

stability of bismuth clusters.
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1 Introduction

Layered inorganic materials are a promising starting point

for the synthesis of 1D and 0D nanostructures such as

inorganic nanotubes and fullerenes. In addition to the

appealing technological applications of the rich variety of

inorganic fullerenes and nanotubes [1], the rationalization

of their building principles provides insights into the fun-

damental structural chemistry of inorganic materials.

Group 15 elements phosphorus, arsenic, antimony, and

bismuth are all known to appear as layered materials

composed of sheets of puckered six-membered rings,

where the puckering is due to p-type lone pairs [2]. The

layered bulk structures are structurally related to graphite,

where the layers are composed of planar sheets of six-

membered rings. In analogy to the structural relationship

between the single layers of graphite and carbon fullerenes,

the individual puckered sheets of the layered group 15

materials can be folded into fullerene-like polyhedral

cages. In particular, we have recently demonstrated the

structural feasibility of deriving polyhedral phosphorus

fullerenes starting from the layered bulk structure [3].

Despite the close structural similarity of the layered bulk

structures of group 15 elements, several notable periodic

trends are apparent in the properties of group 15 elements

when moving down from phosphorus to bismuth. From

phosphorus to bismuth, the atomic number Z increases

from 15 to 83, suggesting that relativistic effects play a key
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role in the observed trends. The relativistic effects are

particularly significant in the case of bismuth, where they

are the root cause for the inertness of the 6 s electrons and

the major spin–orbit effects that influence the chemistry of

bismuth compounds [4, 5]. Concerning the electronic

structure of the group 15 elements, two evident trends are

the decrease in s–p mixing [6] and the increase in metallic

character of the elements when moving from P to Bi. The

decrease in s–p mixing has been suggested to explain why

phosphorus prefers an orthorhombic bulk structure, while

the heavier elements adopt a rhombohedral structure [6].

The increasing metallic character of the heavier elements is

evident from their observed electronic properties: the

orthorhombic black phosphorus is a semiconductor with a

band gap of 0.33 eV [7, 8], but As, Sb, and Bi are all

semimetals [9]. In addition to relativistic effects, the so-

called secondary periodicity also affects the structural

chemistry of group 15 elements [10]. In the case of arsenic,

the electrons of the filled 3d shell shield the nucleus less

efficiently in comparison with s and p electrons, leading

into increase in the effective nuclear charge and an

anomaly described as ‘‘d-block contraction’’. Analogous

‘‘lanthanoid contraction’’ also affects the properties of

bismuth.

Polyhedral modifications of group 15 elements have

been investigated in several studies previously, the smallest

polyhedral cage, tetrahedron, being a well-known struc-

tural motif for group 15 elements. Solid P4 (white phos-

phorus) and As4 (yellow arsenic) have been known for a

long time. Solid Sb4 has been prepared and characterized

very recently [11], while Bi4 is currently only known as a

vapor-phase species. Larger polyhedral modifications have

been investigated for all elements, as well. Icosahedral P20

was first studied by Häser et al. [12] who showed it to be

unstable in comparison with P4. Larger polyhedral phos-

phorus cages with up to 60 atoms have been predicted to be

unstable with respect to dissociation into P4 molecules, as

well [13, 14]. In the case of arsenic, an Ih-symmetric

[As@Ni12@As20]3- ion having As20 cage as its outer shell

has been synthesized [15]. Theoretical studies on Asn cages

up to n = 20 [16] and n = 60 [17] showed the dodecahe-

dral As20 cage to be energetically comparable to As4.

Icosahedral, puckered arsenic cages have been investigated

recently, and the single-layered, icosahedral arsenic cages

were shown to be surpassed in stability by chain-like

allotropes [18, 19]. In the case of antimony, Kumar has

studied the small Sb4 and Sb8 cages. Experimental inves-

tigation into Sb clusters by means of mass spectrometry has

revealed a large number of clearly resolved cluster com-

positions up to Sb100 following a sequence Sb4n, while a

completely different kind of size distribution of clusters

was observed for bismuth [20]. For bismuth, various

polyhedral modifications have been studied very recently.

Zdetsis investigated a family of bismuth fullerenes up to

Bi80, together with several fullerenes-like structures of P,

As, and Sb. The puckered Bi80 fullerene was predicted to

be the energetically most favorable, in agreement with

previous studies for polyhedral phosphorus and arsenic

fullerenes [21]. Bismuth cages up to Bi60 were also

investigated in another recent theoretical study, but the

small non-puckered clusters were found to be unstable with

respect to collapsing into a dense cluster [22]. Polyhedral

bismuth cages have also been prepared and characterized

experimentally, an illustrative example being the highly

symmetric [Bi10Au2]6? heteroicosahedron, which contains

a pentagonal [Bi10]4? antiprism capped by gold atoms [23].

In our recent systematic investigation into phosphorus

fullerenes, we derived general structural principles of

polyhedral phosphorus cages. The derived structural prin-

ciples were expected to apply for the heavier group 15

congeners, as well [21]. Here, we carry out a quantum

chemical study on polyhedral fullerenes composed of

group 15 elements phosphorus, arsenic, antimony, and

bismuth. The tetrahedral, octahedral, and icosahedral cages

are systematically investigated, and their thermodynamic

stabilities are compared with the experimentally known

allotropic forms of the elements. In analogy to our recent

study on the structural and electronic trends of nanotu-

bular modifications of group 15 elements [24], we aim to

shed light on various periodic trends for the structures

composed of elements P–Bi. For the heavier elements Sb

and Bi, we examine the impact of both scalar and spin–

orbit relativistic effects on their stability and electronic

structure.

2 Computational details

The group 15 polyhedral fullerenes were investigated by

using the BP86 density functional [25–27] and ab initio

MP2 methods. The Karlsruhe split-valence basis set with

polarization functions (def2-SVP) was applied for all atoms

in the BP86 calculations [28, 29], and the Karlsruhe triple-

valence-zeta basis set with polarization functions was used

in the MP2 calculations (P, As: def-TZVP; Sb, Bi: def2-

TZVP) [29, 30]. 28-electron and 60-electron scalar rela-

tivistic effective core potentials (ECP) were used to

describe the core electrons of antimony and bismuth,

respectively [31]. Resolution-of-the-identity (RI) technique

was used to speed up both DFT [32–35] and MP2 [36–40]

calculations. All structures were fully optimized within

their respective point group symmetries using the BP86

method. Single-point MP2 calculations with frozen core

orbitals were made at the BP86-optimized geometries

(P: 1s2s2p; As: 1s2s2p3s3p; Sb: ECP ? 4s4p; Bi: ECP ?

5s5p).
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We evaluated the accuracy of the BP86/SVP and MP2/

TZVP levels of theory by comparing the relative energies

of small phosphorus and arsenic clusters to relative ener-

gies obtained at the CCSD(T)/cc-pVTZ [41, 42] level of

theory. The phosphorus 1s2s2p and arsenic 1s2s2p3s3p core

orbitals were frozen in the CCSD(T) calculations. The results

of the comparison are shown in Fig. 1. The relative energy

trends of the polyhedral clusters predicted by the BP86/SVP

and MP2/TZVP levels are in good agreement with the results

obtained at the CCSD(T)/cc-pVTZ level. In particular,

the MP2/TZVP results are in excellent agreement with the

relative CCSD(T)/cc-pVTZ energies for M12, M16, and M20

(M = P, As).

BP86/SVP vibrational frequency calculations were

made for polyhedra up to P344, As200, Sb248, and Bi248 to

verify them as true local minima and to obtain Gibbs free

energies [43]. MP2 Gibbs free energies were calculated by

using Gibbs corrections obtained at the BP86/SVP level

of theory. DFT and MP2 calculations were made using

TURBOMOLE (versions 5.9.1 and 5.10) [44]. Spin–orbit

effects for antimony and bismuth clusters were investi-

gated at the BP86/def2-TZVP-2c level of theory using

the efficient two-component procedure implemented in

TURBOMOLE (core electrons were described with scalar

relativistic ECPs) [45]. CCSD(T) calculations were made

with the CFOUR program package [46, 47]. The relative

energies of the infinite monolayer sheets of the rhombo-

hedral crystal structures were estimated using an extrapo-

lation scheme calibrated against true periodic calculations

(see Ref. [3] for details).

3 Results and discussion

3.1 Structural principles of the studied fullerenes

The structural principles of the studied polyhedral group 15

fullerenes have been described in detail in our previous

study on polyhedral phosphorus cages [21]. Therefore, we

only summarize their most important structural character-

istics here. The studied polyhedral group 15 fullerenes are

structurally related to the layered, rhombohedral bulk

materials (Fig. 2a, b). The regular polyhedra are composed

of triangular faces, which can be considered as finite pieces

cut from a monolayer sheet of the rhombohedral bulk. We

focus on three distinct structural families, tetrahedra,

octahedra, and icosahedra, each of which contains an

infinite number of members. The structures have been

classified using a systematic scheme similar to that previ-

ously used for carbon fullerenes [48, 49]. In the applied

scheme, each polyhedral cage is uniquely defined by a

lattice vector (h,k) describing how the triangular faces of

the cage are cut from a monolayer sheet of rhombohedral

bulk (Fig. 2c). The resulting polyhedra are composed of

six-membered rings, with their vertices being capped with

three-, four- or five-membered rings in the case of tetra-

hedral, octahedral, or icosahedral fullerenes, respectively

(Fig. 2d). The number of atoms in each polyhedron

depends on (1) the topology of the cage (that is, total

number of triangular faces) and (2) the lattice vector (h,k),

resulting in the following formulas for the number of atoms

tetrahedral, octahedral, and icosahedral cages, respectively,

4(h2 ? hk ? k2), 8(h2 ? hk ? k2), and 20(h2 ? hk ? k2)

[21]. In analogy to the naming conventions of carbon

nanotubes [50], the members of the (h,0) and (h,h) struc-

tural series can be considered as zigzag and armchair

cages, all the other cages being chiral. Notably, the puck-

ered structure of the triangular faces of the cages gives rise

to structural ‘‘in–out’’ isomerism [51–53], where each non-

vertex atom can in principle point either outwards or

inwards (that is, toward the cage center). We have taken

this isomerism into account by systematically investigating

the different symmetry-allowed structural isomers to find

out the most favorable configuration for each (h,k) struc-

tural series (for details, see ref. [21]).

Concerning the energetic of the polyhedral fullerenes,

folding a monolayer sheet of rhombohedral bulk into a

Fig. 1 Relative energies of several phosphorus and arsenic clusters

calculated at different levels of theory. BP86/SVP geometries were

applied in all cases. The energies are given relative to the

experimentally known tetrahedral P4 and As4 cages. The P8 cage

has been omitted, because it is not a true local minimum structure
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polyhedron gives rise to structural strain due to the vertices

and edges adjoining the triangular faces. This is because

the coordination of the vertex and edge atoms deviates

from the optimal chair conformation of the six-membered

rings present in the monolayer sheet of the rhombohedral

bulk. In practice, the deviations from the chair conforma-

tion result in less favorable bond lengths and angles,

together with increased lone pair repulsion. Generally, the

most favorable structural isomer of any cage results from

maximizing the number of atoms with coordination similar

to rhombohedral bulk, thus minimizing the structural strain

resulting from vertices and edges.

Before moving on to the computational results in the

next chapter, we discuss few illustrative structural exam-

ples from each polyhedral family at a qualitative level in

order to elucidate their structural characteristics. Starting

from the tetrahedral family, the smallest possible structure

[(h,k) = (1,0)] is the experimentally well-known species,

tetrahedron (M4, Fig. 3). The two next members of the

tetrahedral family, M12 (1,1) and M16, (2,0), have been

discussed in more detail previously [21], and we focus on

the fourth largest tetrahedral cage, M28 (2,1), which is large

enough to display the ‘‘in–out isomerism’’ that is of fun-

damental importance to the group 15 fullerenes (Fig. 3). In

M28, every other atom at the distance of two M–M bonds

from each vertex atom can point inwards, allowing the six-

membered rings to pucker. From the onset of this ‘‘in–out’’

isomerism, the larger cages become increasingly stable, as

their facets start to approach structurally the puckered

monolayer sheet of the rhombohedral bulk. The M228 (7,1)

and M256 (8,0) structures in Fig. 3 are examples of large

tetrahedral cages, where the planar triangular facets are

clearly visible. The M228 (7,1) cage also illustrates the

relatively favorable coordination of the edge atoms, which

is present in all members of the (h,1) structural series. This

structural feature makes the tetrahedral (h,1) cages favored

over the other structural series such as (h,0), (h,2), or

(h,h) [21].

In the case of the octahedral structures, the smallest

polyhedron is the M8 cube and the first puckered ‘‘in–out’’

cage feasible for all group 15 elements is the M56 cage, also

with (h,k) lattice vector (2,1) in analogy to the tetrahedral

structures (Fig. 3). The M200 (5,0) and M248 (5,1) cages

illustrate the structural characteristics of larger octahedral

cages. As for the tetrahedral structures, the favorable

coordination of the edge atoms in the octahedral (h,1)

cages reduces the structural strain. However, for the octa-

hedral (h,0) structures, the strain due to edge atoms is also

reduced significantly in comparison with their tetrahedral

counterparts [21].

The smallest icosahedral structure is the M20 dodeca-

hedron, the first puckered cage being the M80 cage (Fig. 3).

In contrast to the tetrahedra and octahedra, the icosahedral

(h,0) series are favored over the icosahedral (h,1) series due

to the large number of vertices in the icosahedra [21].

Although the coordination of the edge atoms is not optimal

in the favored (h,0) cages, the less strained arrangement of

the vertex atoms compensates for this drawback [21].

Fig. 2 The structural principles of the group 15 polyhedral fullerenes
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3.2 Energetic and thermodynamic trends

We studied P, As, Sb, and Bi fullerenes up to P888, As540,

Sb620, and Bi620 to shed light on the structural trends

among them. The diameters of the largest studied cages

were 4.8, 3.7, 4.8, and 5.1 nm for the P, As, Sb, and Bi,

respectively. In terms of lattice vector (h,k), the largest

studied cages were the tetrahedral (13,1), octahedral (10,1),

and icosahedral (6,1) structures composed of phosphorus.

The relative energies of the fullerenes were determined by

comparing them with the experimentally known tetrahedral

four-atomic species, which is also the smallest possible

polyhedron. We also considered the stabilities of the ful-

lerenes with respect to corresponding infinite monolayer

sheet of rhombohedral bulk, which can be considered as a

strain-free reference structure.

The energetic and thermodynamic trends of the studied

fullerenes are shown in Fig. 4. The BP86 and MP2 levels

of theory predict similar stability trends. Overall, as the

structures become larger, all three studied structural

families of group 15 fullerenes approach the monolayer

sheet of the rhombohedral bulk in energy. A notable

periodic trend is that the polyhedral group 15 fullerenes

become less strained with respect to the monolayer sheet of

the rhombohedral bulk when moving down from P to Bi.

For example, the strain energies calculated for the tetra-

hedral M444 (10,1) cage are 2.3, 2.5, 1.6, and 1.4 kJ/mol/

atom for P, As, Sb, and Bi, respectively. The obtained

strain energies of a few kJ/mol/atom for the largest studied

cages can be considered as very small. For comparison, the

strain energy of a C60 fullerene with respect to a graphene

sheet is about 40 kJ mol-1 per atom at a similar level of

theory [54].

Overall, the tetrahedral structures were found to be the

thermodynamically most favorable for all elements, and for

all elements, the smallest polyhedron with DG \ 0 also

belongs to the tetrahedral structural family: P84 (-2.7 kJ/

mol/P), As52 (-5.0 kJ/mol/As), Sb28 (-5.9 kJ/ml/Sb), and

Bi28 (-8.1 kJ/mol/atom). The larger octahedral and ico-

sahedral structures are also thermodynamically stable with

Fig. 3 Illustrative examples of

the group 15 polyhedral

fullerenes. Left The smallest

[(h,k) = (1,0)] polyhedral cage

of each structural family,

together with the smallest cage

where the in–out isomerism

becomes energetically favorable

(the atoms pointing toward the

interior of the cages are colored

with darker shade). Right
Examples of the larger

polyhedral structures drawn as

space-filling models (non-vertex

atoms with coordination

different from a rhombohedral

sheet are colored with darker
shade)
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respect to M4 tetrahedral structures, and for As, Sb, and Bi,

the icosahedral structures are actually rather close to the

tetrahedral structures in stability. For tetrahedral structures,

the (h,1) structural series is preferred for all elements due

the favorable structural features discussed in the previous

chapter. In the case of octahedral structures of heavier

elements Sb and Bi, the large octahedral (h,0) cages are

energetically very close to the favoured (h,1) structures

(not shown in Fig. 4). Evidently, the structural strain due to

the edges in the (h,0) structures is not that significant for Sb

and Bi because of inherently longer M–M bond lengths.

The more flexible pure p-type bonding might also play a

role for here (see the discussion on the electronic structure

in Sect. 3.4). For the icosahedral structures, the (h,0)

structural series is always favored over the other series for

the cages studied here.

The cages can be further stabilized by multilayering,

where smaller cages are embedded inside larger ones,

Fig. 4 Relative BP86/SVP total

energies and MP2/TZVP Gibbs

free energies of the favored

structural series of group 15

polyhedra (T = 298.15 K,

p = 0.1 MPa). The energies and

free energies are given relative

to the experimentally known

tetrahedral M4 cages. The value

at r-sheet denotes the relative

energy of an infinite

rhombohedral monolayer sheet

(see Fig. 1)
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resulting structures that are very closely related to the

layered bulk materials. We have previously demonstrated

the energetic favorability of multilayered polyhedral cages

such as the tetrahedral P52@P364 [3]. Multilayered 0D-

structures would also be a reasonable outcome if the

layered bulk materials are used as a starting point for syn-

thesis. A direct approach for synthesis from bulk materials

would be the arc discharge method used in the synthesis of

graphitic carbon nanostructures [55]. Various other tech-

niques have been used to produce group 15 clusters, as

well. For example, laser ablation has been successfully used to

produce phosphorus [56–59] and arsenic clusters [60]. In the

case of the heavier group 15 elements, antimony and bismuth

clusters have been prepared via nucleation from metal vapors

[20]. However, the abovementioned techniques are inher-

ently high-temperature methods, which might not be ben-

eficial for the formation of large polyhedral cages.

Interestingly, one-dimensional group 15 nanostructures, the

experimentally known antimony and bismuth nanotubes,

have been synthesized via low-temperature routes such as

hydrothermal reduction methods [61]. Concerning the

applications of group 15 nanostructures, the interest in the

nanostructured modifications of antimony and bismuth

arises from their unique electronic transport properties

which suggest them to possess promising thermoelectric

applications [62]. Phosphorus nanostructures also have

attractive applications, the recently demonstrated applica-

bility of layered bulk phosphorus as an anode material for

Li-ion batteries suggesting that new anode materials based

on nanostructured modifications of phosphorus could pos-

sess high application potential [63].

In addition to the studied hollow cages, there are other

relevant structural isomers that might be favored over the

cages within the size range investigated here. For example,

for phosphorus and arsenic, ring-shaped clusters have been

previously shown to be favored over the single-layered

hollow cages of the same size [18, 19]. To shed light on the

relative stabilities of the various isomers, we compared

the studied hollow cages to a more compact, ring-shaped

D6d-symmetric M144 cluster that has been previously

shown to be a thermodynamically favorable structural

motif for phosphorus and arsenic [18, 19]. The DGMP2 in

comparison with M4 for P144, As144, Sb144, and Bi144 are

-8.7, -12.1, -15.2, and -14.6 kJ/mol/atom, respectively.

The corresponding relative Gibbs free energies in com-

parison with the tetrahedral M124 cage in the same size

domain are -3.9, -0.4, 8.7, and 13.2 kJ/mol/atom,

respectively. In summary, in this size domain, the ring-

shaped structures appear to be favored for P and As, while

the cage-shaped structures are favored for Sb and Bi. This

is understandable considering the known structural char-

acteristics of the group 15 elements: for phosphorus and

arsenic, the chain-like modifications structurally related to

the ring-shaped clusters have been synthesized as pure P

structures [64] and P–As mixtures [65], but for antimony

and bismuth such forms have not been observed to date.

The present results for the ring-shaped Sb and Bi structures

should be considered as preliminary examples, and detailed

studies on the compact isomers of antimony and bismuth

are expected to further elucidate the structural character-

istics of allotropic modifications in the heavier group 15

elements. In the case of phosphorus and arsenic, the cage-

shaped isomers might be attainable as multilayered species,

in analogy to the layered bulk materials.

3.3 The impact of spin–orbit effects

As discussed in the computational details section, scalar

relativistic effects were taken into account for the heavier

group 15 elements, Sb and Bi, by means of effective core

potentials. However, especially for Bi clusters, the spin–

orbit effects can be very significant, as well. Therefore, we

performed two-component calculations at the BP86/def2-

TZVP-2c level of theory for Sb and Bi clusters with up to

24 atoms to investigate the impact of spin–orbit effects on

their relative stabilities (Fig. 5). Extensive two-component

Fig. 5 The impact of spin–orbit effects for antimony and bismuth

clusters with up to 24 atoms (all calculations done at the BP86/def2-

TZVP-2c level of theory). The energies are given relative to the

experimentally known tetrahedral M4 cages

Theor Chem Acc (2011) 129:413–422 419
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calculations on larger clusters were not feasible this time

due to their significantly higher computational cost [45].

For both elements, the relative stability of the highly

symmetric clusters with respect to M4 increased when the

spin–orbit effects were taken into account. For Sb clusters,

the stabilizing effect of the spin–orbit interactions was

fairly minor (less than 1 kJ/mol/atom), but in the case of

bismuth including the spin–orbit effects had a major

stabilizing impact (5–6 kJ/mol/atom) on the clusters. The

large impact of including spin–orbit effects for Bi clusters

is in agreement with a previous study on the electronic

structure of the group V tetramers, where the spin–orbit

effects for bismuth were also found to be large in com-

parison with P–Sb [66]. To be in line with the main theme

of the present study, we have focused only on polyhedral

clusters of antimony and bismuth, but further studies on

less symmetric clusters using the applied two-component

procedure are expected to provide interesting insights into

the cluster chemistry of the heavier group 15 elements.

3.4 Electronic structure trends

Analogously to the previously studied group 15 nanotubes

[24], the metallic character of the group 15 fullerenes

increases when moving down from P to Bi. However, all

studied cages are still semiconducting, and the differences

in the HOMO–LUMO gaps between the elements are not

very large. The HOMO–LUMO gaps of three representa-

tive, large polyhedra are as follows. Tetrahedral M444 (9,1):

P: 1.6 eV; As: 1.6 eV; Sb 1.3 eV; Bi: 0.9 eV. Octahedral

M456 (7,1): P: 1.6 eV; As: 1.6 eV; Sb: 1.3 eV; Bi: 1.0 eV.

Icosahedral M500 (5,0): P: 1.5 eV; As: 1.6 eV; Sb: 1.4 eV;

Bi: 1.2 eV. The differences between the structural families

are very small, the largest difference being 0.3 eV for the

Bi tetrahedron and icosahedron. It should be noted that the

pure BP86 density functional applied here underestimates

the HOMO–LUMO gaps due to self-interaction error, as

the B3LYP hybrid density functional has been shown to

predict gaps close to 3.0 eV for large phosphorus tetrahe-

dra such as P444 [3].

We investigated the electronic characteristics of the

group 15 fullerenes in detail by means of density of states

(DOS) analysis. The DOS analyses for the tetrahedral M84

cages are illustrated as a representative example in Fig. 6.

In good agreement with the previous studies on group 15

bulk structures [6] and nanotubes, [24] the DOS plots in the

Fig. 6 show the amount of s–p mixing to clearly decrease

when moving down from P to Bi. In the case of phosphorus

and arsenic, the DOS plots show s–p mixing in the valence

region, especially in the s-dominated region (-20 to

-12 eV), but also in the p-dominated region (-12 to

-5 eV). However, for antimony, only minor s–p mixing is

observed mainly within the s-dominated region (-16 to

-10 eV), and in the case of bismuth, the mixing is almost

absent. It has been suggested previously [6] that the

s–p mixing is a significant contributing factor to the fact

that in ambient pressures black phosphorus exists as

orthorhombic-layered structure, while the heavier congen-

ers adopt the rhombohedral structure. In this respect, the

decreased s–p mixing might also play an important role in

the structural chemistry of the polyhedral cages, making

Fig. 6 Density of states (DOS) plots for the tetrahedral M84 cages.

The dotted lines denote the HOMO-LUMO gaps
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the cages composed of heavier elements less strained due

to more flexible pure p-type bonding.

4 Conclusions

The structural and electronic trends of polyhedral group 15

fullerenes were systematically investigated using quantum

chemical methods. The structures and stabilities of the

studied polyhedral cages were found to converge smoothly

toward their experimentally known bulk counterparts, and

they were also found to be thermodynamically stable with

respect to the experimentally known tetra-atomic allo-

tropes. Tetrahedral structures were found to be the ther-

modynamically most favorable, followed by octahedral and

icosahedral structural families. The polyhedral cages can

be further stabilized by stacking them into multilayered,

bulk-like structures. The most notable periodic trends

within the studied elements were the decreasing structural

strain and decreasing amount of s–p mixing when moving

down from P to Bi and the significant impact of the spin–

orbit effects for the relative stability of the Bi cages. The

obtained structural characteristics and periodic trends are

expected to help in the experimental characterization of

novel inorganic nanostructures composed of group 15

elements.
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